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Evaluation of interfacial toughness of sub-micron-thickness layers deposited on a ductile substrate is a challenging task which has
motivated diﬀerent experimental approaches. Fragmentation testing was used in the present study as a means of interface characteriza-
tion of a silicon–nitride-coated polyimide substrate. During the test, after an initial rapid segmentation–cracking phase, the coating frag-
ments developed edge delaminations which propagated in a stable manner with further increase in the applied strain. The debonding
process was modelled by the ﬁnite element method incorporating a cohesive zone at the front of the interfacial crack. The edge cracks
were found to be dominated by mode II loading. By ﬁtting the predicted delamination evolution to the experimental data for coating
fragments of diﬀering geometry, the mode II critical energy release rate was estimated at 30 J m2.
 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Polymer foils coated with structured inorganic thin layer
stacks are becoming ubiquitous in a variety of applications,
e.g., ﬂexible electronics. An appropriate level of adhesion
between the polymer substrate and the inorganic layers
has to be ensured so that the mechanical integrity and func-
tionality of the stack are not compromised during service.
Sub-micron thickness of the layers hampers experimental
evaluation of adhesion in terms of fracture mechanics
parameters, because introducing an interfacial crack and
following its development with load becomes complicated;
see e.g., Refs. [1,2]. The present study uses an instrumented
fragmentation test to estimate the interfacial fracture
toughness of a thin coating on a polymer ﬁlm.1359-6454/$36.00  2010 Acta Materialia Inc. Published by Elsevier Ltd. All
doi:10.1016/j.actamat.2010.01.023
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E-mail address: janis.andersons@pmi.lv (J. Andersons).In the fragmentation test, the development of damage
patterns in brittle coatings is analyzed as a function of
the applied substrate tensile strain [3]. After an initial stage
of intensive accumulation of cohesive cracks, the coating
becomes segmented into fragments of width roughly com-
parable with the stress transfer length, and the fragmenta-
tion rate decreases markedly. Lateral compressive stresses
that develop in the fragments due to Poisson contraction
of the substrate can be released by local buckling-driven
delamination [4–6]. Stress concentration at the fragment
edges, formed by the cohesive cracks, may also cause deb-
onding [7–9]. Progressive detachment of the coating ﬁnally
leads to saturation of the fragmentation process.
Several features of the coating/substrate interface can be
derived from the fragmentation test results. The interfacial
shear strength (IFSS) can be evaluated from a statistical
analysis of the coating strength and fragment geometry at
saturation, see e.g., Ref. [4]. Since testing up to saturation
is not always practical, an alternative to characterize the
overall mechanical eﬃciency of the interface was proposedrights reserved.
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length, evaluated using the experimentally determined
dependence of cohesive crack density on the applied strain
in an advanced fragmentation stage, was shown to correlate
with the IFSS. Making use of the stress–strain diagrams of
plain and coated polymer foil, stretched up to coating
detachment, the interface fracture energy was estimated
[7,8,11]. Energy balance analysis of localized buckling-dri-
ven delaminations appearing in coating fragments during
the test also provided an estimate of the critical interfacial
energy release rate (ERR) [5]. Note, however, that the frac-
ture mechanics characteristics mentioned above do not sep-
arate the interfacial ERR into the basic modes. By contrast,
mode II fracture toughness of the interface was derived in
Ref. [9], based on edge stress analysis and the assumption
that the initiation of edge delamination coincides with the
appearance of buckles. A cohesive zone model of interface
was applied in Ref. [12] to evaluate simultaneously both
the adhesive fracture toughness of the interface and the cohe-
sive fracture toughness of the coating, using experimentally
determined dependence of coating crack density on the
applied strain.
The mechanics of delamination of thin ﬁlm strips has
been established for elastic constituents [13,14] and in the
presence of yielding in one of the constituents [15]. In frag-
mentation tests, coating fragments are usually delaminat-
ing at relatively high strains, when the polymer substrate
is yielding. A process zone model, implemented in numer-
ical analysis via cohesive elements, provides a means of
evaluating the ERR spent on decohesion [15–17]. Such a
model allows accurate simulation of the true loading path
during the delamination process, which is a critical issue
for problems with signiﬁcant plastic deformation. The
accuracy of the numerical approach, hence of the com-
puted ERR values is ensured by comparison of the simula-
tion with the experimental data.
Several experimental techniques are available to quan-
tify the extent of coating delamination. Atomic force
microscopy provides a means of accurate mapping of the
changes in relative elevation of the coating surface that
are related to the evolution of debonds [6,18,19]. Ultra-
sonic force microscopy, being sensitive to local variation
in mechanical compliance, has been used to identify loca-
tions of impaired adhesion [19]. However, these methods
may be diﬃcult to apply for in situ observations during
active tension, necessitating interruptions in the mechanical
test. Optical methods, based on interferometry (see e.g.,
Refs. [20,21]), appear particularly suitable for fragmenta-
tion tests, owing to relative ease of in situ application.
The present study concerns the evaluation of interfacial
adhesion in a silicon–nitride-coated polyimide substrate
(SiNx/PI) system by means of fragmentation tests, from
the analysis of coating edge delamination. White light
interference patterns were used to assess the evolution of
delamination with applied strain, and ﬁnite element analy-
sis incorporating a cohesive zone model was used to estab-
lish the critical interfacial ERR and strength.2. Experimental
A 125-lm-thick polyimide (PI) substrate (Upilex S,
UBE) was used. The PI foils were annealed at 120 C for
30 min. before deposition of SiNx coatings by plasma
enhanced chemical vapor deposition at a temperature of
200 C. Five diﬀerent coating thicknesses (100, 200, 400,
600 and 800 nm) were investigated. The use of silicon nitride
ﬁlms has become the industrial standard in solar cell produc-
tion [22,23]. It has been demonstrated that the optical prop-
erties of SiNx ﬁlms can be easily controlled by adjusting the
deposition parameters, and a wide range of refraction index
values can be attained (from 1.9 to 3.0 or higher for 600 nm
wavelength) [22,24].Optical properties of the coating and the
substrate used in the current study, shown in Fig. 1, were
determined by spectro-ellipsometry.
Young’s modulus E of the SiNx layers was determined by
means of nano-indentation tests, as detailed elsewhere [25],
and was found to be equal to 100 ± 10 GPa. Their Poisson
coeﬃcient was assumed to be equal to 0.26 [26]. The tensile
properties of the PI substrate were determined from tensile
tests using dog-bone-type samples of a reduced section equal
to 6  50 mm2.Testswere carried out at a strain rate equal to
1.7  103 s1 at ambient temperature bymeans of a univer-
sal tensile testing machine (UTS Testsysteme load frame)
equipped with a 1000 N load cell. Fig. 2 shows the tensile
behavior of the polymer substrate. Its Young’s modulus
and Poisson coeﬃcient were found to be equal to 5.35 GPa
and 0.25, respectively. The residual in-plane coating stress
was evaluated from the radius of curvature of the coated ﬁlm
measured at 22 C and 50% relative humidity. It was found
to be compressive and decreasing in absolute value from
340 MPa for the 100-nm-thick coating to 200 MPa for
the 600- and 800-nm-thick coatings [27].
Fragmentation tests under uniaxial loading were per-
formed at ambient temperature on 50  5 mm2 rectangular
samples using a miniature tensile tester with displacement
control (Minimat, Rheometric Systems) in situ in an opti-
cal microscope (Olympus BX60). The microscope was
equipped with a coupled-charge device camera (Soft Imag-
ing Systems ColorView II) for non-contact video extens-
ometry of specimen strain with accuracy better than 104
in strain values. This method eliminated frame compliance
and clamp slippage problems. It was veriﬁed that the pos-
sible inﬂuence of ink markers used for extensometry on
localized specimen strain was negligible, since their dimen-
sions, typically 100 lm, were very small compared with the
sample width, equal to 5 mm. Coating damage was ana-
lyzed at selected strain levels under reﬂected white halogen
light.
Fig. 3 shows the fragmented morphology of the investi-
gated SiNx coatings under10% tensile strain.Adense array
of cohesive cracks is evident for all thicknesses, with system-
atic occurrence of branching with the exception of the thin-
nest, 100 nm, coating. Transverse buckling is also visible,
with a marked inﬂuence of coating thickness on buckle size
and density. Numerous buckles with length of the order of
Fig. 2. Stress–strain diagram of the PI substrate in uniaxial tension.
Fig. 1. Refractive indices and extinction coeﬃcients of the 200-nm-thick SiNx coating and the PI substrate. Dashed lines show the visible light range.
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buckles are present in the thicker coatings, and in this case
their length is of the order of 100 lm. As shown in Fig. 4,
the larger buckles give rise to interference patterns with
bright and dark Fizeau fringes. One also notices the occur-
rence of a bright fringe along the fragment edges due to edge
delamination. The followingmodel focuses on edge delamin-
ations. In this case, the delaminated proﬁle is ﬂat enough for
the interference theory of layered media with parallel inter-
faces to be applicable (Appendix A).
3. Model of edge delamination of a coating fragment
3.1. Elementary analysis
Consider a coating fragment of width w adhering to a
substrate subjected to a tensile strain e parallel to the widthof the fragment. Delamination is observed at a relatively
advanced fragmentation stage when the length of the ten-
sile stress recovery zone k exceeds the fragment width,
k > w. As a result, the applied strain is not fully transferred
to the coating fragment, and the tensile stress distribution
can be approximated as [10]
r ¼ r0
2k2
xðw xÞ ð1Þ
with the origin of the x axis taken at the fragment edge, and
r0 ¼ Ee denoting the far-ﬁeld coating stress. According to
elastic shear lag models, k is interpreted as the distance from
a coating crack in the loading direction at which the coating
stress reaches the value of r ¼ ð1 1=eÞr0  0:63r0 for
vanishing crack density.
The strain energy accumulated in the coating fragment
per unit length under tensile stress r (Eq. (1)) reads, to a
ﬁrst approximation, as
U ¼
Z w
0
r2h
2E
dx ¼ r
2
0hw
5
240Ek4
ð2Þ
With the development of edge delamination, the width of
the bonded part of the fragment is reduced as follows:
w ¼ w0  2a ð3Þ
where a is the edge delamination length, and w and w0
stand for the current and initial width of the bonded part
of fragment, respectively. The strain energy accumulated
in the coating and substrate in the vicinity of the debond
is partially released by propagating delamination. For
simplicity and tractability, it is assumed that only the strain
Fig. 3. Fragmented morphology of SiNx coatings on a PI substrate: (a) 100-nm coating at 12% strain; (b) 200-nm coating at 12% strain; (c) 400-nm
coating at 10% strain; (d) 600-nm coating at 10% strain; (e) 800-nm coating at 10% strain. Notice that the magniﬁcation is diﬀerent for the diﬀerent
thicknesses.
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associated with edge delamination is obtained from Eqs.
(2) and (3) as follows:
G ¼  @U
@a
¼ e
2Eh
24k4
ðw0  2aÞ4 ð4Þ
The delamination onset strain is obtained from Eq. (4)
as the strain at which ERR reaches its critical value Gc at
a = 0:
eonset ¼ 2 kw0
 2 ﬃﬃﬃﬃﬃﬃﬃﬃ
6Gc
Eh
r
ð5Þ
The debond propagation is stable because, according to
Eq. (4), the ERR is a decreasing function of crack lengthat a ﬁxed applied strain. For e > eonset, the length of edge
delamination is given by
a ¼ 1
2
w0  24GcEh
 1=4 kﬃﬃ
e
p
 !
ð6Þ3.2. Numerical modelling
In order to reﬂect accurately the elastic–plastic response
of the matrix and the progressive debonding of the coating,
a numerical analysis was carried out using the commercial
ﬁnite element method (FEM) ABAQUS code. A two-
Fig. 4. Fizeau fringes observed at debonded parts of coating fragments
due to buckling and edge delaminations of a 800 nm thick coating at 8%
tensile strain.
Fig. 5. The intensity of the light reﬂected from delaminated coating
800 nm thick as a function of the air gap thickness (the intensity values are
normalized by the intensity of the light reﬂected from bonded ﬁlm, Ib).
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simulate coating detachment, with the substrate being mod-
elled as elastic–plastic and the coating as linear elastic mate-
rial. Linear triangular elements were used for the substrate
and quadratic rectangular for the coating. A cohesive zone
model for delamination was applied, where the coating
was bonded to the substrate by a layer of cohesive elements
with a bilinear traction–separation law. Compressive resid-
ual stresses ofmagnitudes reported in Section 2were induced
in the coating by a thermal loading step preceding the
mechanical loading step. In fact, calculations showed that
their inﬂuence on the solution was relatively limited for the
considered material system. To improve the convergence
rate of the solution, the stabilization procedure available in
ABAQUS with dissipated energy fraction equal to 5 
105 was applied.
4. Interference patterns due to delamination of a thin coating
The interference pattern in the reﬂected light (Fizeau
fringes, Figs. 3 and 4) was caused by the presence of an
air gap beneath the delaminated part of the coating. The
actual pattern was related to the length and opening proﬁle
of the delamination: a number of fringes formed at the
front of the steeply opening buckling-driven delamination
(Fig. 4), whereas only one bright fringe was observed for
edge delaminations that typically exhibited both smaller
and smoother elevation of the debonded coating [18,19,28].
For small angles between the delaminated coating and
the substrate expected for edge delamination, the interfer-
ence pattern can be assessed by means of the theory of lay-
ered media with all the interfaces being parallel, and light
incidence normal to the surface (see Appendix A). In order
to relate the length of the edge delamination to the extent
of the bright fringe at the fragment edge, the intensity of
the reﬂected light was computed as a function of the thick-
ness of the air gap. Polynomial ﬁts of the optical data
shown in Fig. 1 within the visible light range were used
for calculations (ﬁfth-order polynomials were employed).
The reﬂectance of the bonded ﬁlm was calculated using
expression (A.3) whereas for delaminated coating Eq.
(A.4) was used, where the air gap constituted the secondlayer (hence n3 = n1). The intensity of the light reﬂected
from bonded and from delaminated coating was computed
using Eq. (A.7) and the spectrum of a halogen lamp (see
e.g., Ref. [29]). The intensity of the reﬂected light I as a
function of the air gap thickness, normalized by the inten-
sity of the light reﬂected from the bonded ﬁlm Ib, is shown
in Fig. 5 for the 800-nm coating (for other thicknesses the
results are qualitatively similar).
As expected, for a very small air gap the reﬂectance of
the delaminated coating is equal to the reﬂectance of the
bonded ﬁlm. As a consequence, the exact position of the
delamination front cannot be determined from the reﬂec-
tance contrast. Nevertheless, the interference calculations
show that the intensity of the reﬂected light increases quite
steeply with the air gap thickness; e.g., for a 20 nm gap the
brightness exceeds that of a bonded ﬁlm by 10%.
5. Results and discussion
The analysis of edge delamination commences with the
assumption that the extent of the interference fringe along
the fragment edge virtually coincides with the respective
debond length. This assumption is validated with the rela-
tively steep variation in reﬂectance with interfacial crack
opening, established above. Having determined the relevant
mechanical characteristics of the interface, the consistency
of the assumption with the numerical and experimental
results is veriﬁed by employing the FEM-predicted geomet-
rical characteristics of delamination proﬁles in analysis of
the interference patterns.
Well-developed delaminations (as revealed by the inter-
ference fringes at the fragment edges) were observed for
specimens with the thicker coatings of 400, 600 and
800 nm. Delaminations initiated at a tensile strain of
4% for the 800-nm coating and at higher strains for the
coatings with smaller thicknesses. At high strain, the
delamination length at the edges of wide fragments was
in the range 2–6 lm. Detailed observations of the appear-
ance and propagation of edge delamination suggested that
S. Tarasovs et al. / Acta Materialia 58 (2010) 2948–2956 2953debonding started at lower strains for thicker coatings,
and, for a coating of given thickness, for wider fragments.
This was in qualitative agreement with the eﬀect of frag-
ment width and thickness on eonset (Eq. (5)) and on delam-
ination length a (Eq. (6)). For quantitative correlations, the
stress transfer length k and the interfacial critical ERR Gc
have to be evaluated. The former was estimated as
k  30h, as was obtained in Ref. [10] for a similar SiNx/
PI foil (diﬀering in that the substrate was Kapton VN) with
hP 200 nm.
The delamination lengths of selected fragments were
determined as illustrated in Fig. 4, from the extent of the
bright band at a fragment edge. Relatively wide fragments
which, once formed, survived further loading without
developing cohesive cracks, were identiﬁed in the micro-
graphs. The delamination length was measured at several
locations along the fragment for two diﬀerent fragment
widths and two coating thicknesses (600 and 800 nm) at
three load levels corresponding to 8%, 9% and 10% applied
tensile strain. The delamination length of the 400-nm-thick
coating was too small to warrant suﬃcient accuracy, and
this coating thickness was disregarded in the following
analysis.
The delamination length as a function of applied strain
is shown in Fig. 6 for the studied fragments that comply
with the applicability condition of the elementary analysis,
k > w0. A ﬁrst estimate of Gc at 11 J m
2 was obtained by
ﬁtting Eq. (6) to the debond data of the thicker, 800 nm,
fragment. Eq. (6) was further used to predict the develop-
ment of edge delamination in the thinner, 600 nm, frag-
ment. The respective theoretical relations plotted in
Fig. 6 with solid lines appear to agree reasonably well with
the test data, suggesting that the elementary analysis of
delamination captures correctly the essential features of
the process. However, the accuracy of the above estimate
of Gc is questionable owing to the simplifying assumptions
used in the analysis. The application of a cohesive zone
model should provide a more accurate and detailed treat-
ment of energy dissipation due to decohesion.
A cohesive zone model of delamination implies an
appropriate selection of the traction–separation law. ItFig. 6. Experimental (dots) and estimated by Eq. (6) (lines) edge
delamination length of coating fragments 600 and 800 nm thick with
diﬀerent widths w0.has been demonstrated that, for reasonably compliant
materials, the actual shape of the softening law has a minor
eﬀect [30]. The simplest bilinear relation was thus chosen in
the present work, with the strength of the element (maxi-
mum normal or tangential traction on element faces) s
and the interfacial ERR Ga as the two main parameters.
Since the area under the traction–separation curve is equal
to Ga, the element strength and maximum opening (sliding)
displacement of the element d, reached when tractions on
element faces are reduced to zero, are related as
s ¼ 2Ga=d ð7Þ
The FE analysis revealed that the debonding process
was not sensitive to the characteristics of mode I cohesive
elements, as mode II loading played the leading role in
the problem considered. This was further conﬁrmed by
the mode mixity, deﬁned for the cohesive elements as
tan1ðrs=rnÞ [1] (where rs and rn stand for the tangential
and normal tractions at the interface) varying from 80 at
the beginning of the fracture process zone to 70 at the
end of it. Several combinations of critical ERR and inter-
face strength were applied in simulations to determine the
combination that provided the best agreement of predicted
delamination length with the experimental data. The
delamination length in the FE model was determined as
the distance from the fragment edge to the end of the frac-
ture process zone where cohesive elements were completely
separated, as shown in Fig. 7. The modelling results shown
in Fig. 8 were obtained for an interface shear strength
equal to 250 MPa and an adhesive mode II ERR of
30 J m2. According to Eq. (7), the critical sliding separa-
tion of the cohesive elements was equal to 240 nm. A rela-
tively close agreement with the experimental data for
diﬀering fragment widths and thicknesses is seen.
FEM computations with the same interface properties
for thinner coatings predicted an increase in delamination
onset strain and a decrease in the extent of delaminationFig. 7. A fragment of the ﬁnite element mesh for 600-nm coating.
Delamination of length a and the fracture process zone are shown at 8%
tensile strain.
Fig. 8. Experimental (dots) and calculated (lines) edge delamination
length of: (a) 600 nm and (b) 800 nm thick fragments with diﬀerent widths
w0.
Fig. 9. Predicted delamination length as a function of the interface
element strength at a ﬁxed interfacial ERR. The lower and upper curves
correspond to crack front and fracture process zone front, respectively.
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agreement with the experimental observations. For exam-
ple, the predicted delamination length at 10% strain for a
fragment 400 nm thick and 23 lm wide is 2.5 lm, which
is close to the experimental data. For a fragment 200 nm
thick and 11 lm wide, the predicted delamination at the
same strain equals 0.5 lm, which is below the resolution
of the optical microscope.
According to theFEManalysis, the angle between the del-
aminated coating and the substrate does not exceed 10. This
result validates the layeredmedia model in Appendix A used
for interference pattern analysis. The separation between the
coating and the substrate at the delamination front, evalu-
ated by FEM, exceeds 20 nm, which should provide a
marked contrast in the intensity of reﬂected light as seen in
Fig. 5. Therefore, it can be concluded that the geometry of
the edge delamination predicted by FEM is consistent with
the presence of an interference fringe. This result also vali-
dates the assumption that the abrupt change in brightness
of the reﬂected light, observed along fragment edges during
tests, closely approximates the location of the front of edge
delamination.
Note that the selection of the cohesive zone parameters
may be non-trivial in the considered case of an elastic–plastic
substrate. The extent of substrate yielding associated with
the propagation of delamination is aﬀected by the strength
of the cohesive elements (see e.g., Ref. [31]). The strength
of the element is also indirectly related to the extent of thefracture process zone. For an interfacial ERR of 30 J m2
and s = 200 MPa, the maximum sliding displacement of
the element reaches 300 nm according to Eq. (7). In this case
the size of the fracture process zone is1 lmor larger, which
is comparable with the observed values of the length of
delamination. A higher strength of cohesive elements at a
ﬁxed interfacial ERR would lead to smaller d and hence a
shorter fracture process zone. Fig. 9 shows the results of sim-
ulations for a fragment 800 nm thick and 37.8 lm wide and
for diﬀerent interface strength values at a ﬁxed ERR and
an applied strain of 8%. The lower curve plots the predicted
delamination length—the distance from fragment edge to
the crack front, i.e., the location where tractions on cohesive
element faces are reduced to zero. The upper curve shows the
position with maximum tractions on the crack faces (i.e., the
beginning of the fracture process zone). It is seen that the
length of the process zone (equal to the oﬀset of the curves)
exceeds 1 lm for an interface strength below 300 MPa. Sim-
ulations with an interface strength of 400 MPa or higher lead
to the fracture process zone being localized in a smaller
region, but the length of delamination in this case is signiﬁ-
cantly lower than that for a weaker interface. A larger frac-
tion of the available ERR is spent on the plastic dissipation
within the substrate in the case of a strong interface, there-
fore less energy remains available for crack propagation.
The analysis of energy redistribution between decohesion
and yielding for a crack propagating in an elastic–plastic
material has been provided in Refs. [16,17].
It follows from the above discussion that, as could be
expected in the case of a yielding polymer substrate, both
the adhesive ERR and the strength are important interface
parameters. It was demonstrated that a set of these two
parameters, determined for mode II loading by means of
numerical analysis of fragmentation test results, provides
accurate description of the edge delamination process for
diﬀering fragment geometries.
6. Conclusions
SiNx/PI substrate with coating thicknesses ranging from
100 nm to 800 nm was fragmentation-tested under uniaxial
Fig. 10. Reﬂection of a light beam from thin ﬁlm: (a) single layer and (b)
two-layer coating.
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intensive segmentation cracking, decohesion developed in
the coating fragments in the form of buckling-driven delam-
inations and edge delaminations. The latter initiated at lower
strains for thicker coatings, and, for a coating of given thick-
ness, for wider fragments. The evolution of edge delamina-
tions with load was quantitatively characterized for the
thicker coatings and wider fragments developing larger del-
aminations. The length of the edge delamination was corre-
lated to the length of the bright interference fringe detected
along the fragment edges observed under white light. The
debonding process was modelled by FEM incorporating a
cohesive zone at the front of the interfacial crack. The edge
delaminations were found to be driven by mode II loading.
Estimates of mode II critical interfacial ERR at 30 J m2
and shear strength at 250 MPa were obtained by ﬁtting the
predicted delamination evolution to the experimental data
of coatings 600 nm and 800 nm thick. It was demonstrated
that the combination of interferometry and numerical anal-
ysis based on a cohesive zone model provided an accurate
description of the edge delamination process for diﬀering
fragment geometries.
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Appendix A
A.1. The reﬂection of light from thin ﬁlms
The reﬂection of a light beam from a thin ﬁlm can be
analyzed using Fresnel coeﬃcients [32]. When a light wave
meets an interface between medium 1 and medium 2 with
optical properties n1 and n2, respectively, part of the wave
is reﬂected back into medium 1, and part is transmitted into
medium 2. The Fresnel reﬂection and transmission coeﬃ-
cients are (here and further only the normal incidence of
the light beam is considered):
r12 ¼ n1  n2n1 þ n2 ; t12 ¼
2n1
n1 þ n2 ðA:1Þ
where n1 and n2 in general are complex numbers n  ik with
refraction index n and extinction coeﬃcient k. For the thin
ﬁlm of medium 2 sandwiched between media 1 and 3, the
ray transmitted through interface 1–2 is partially reﬂected
back at interface 2–3. This ray is reﬂected back and forth
as shown in Fig. 10a. The reﬂection coeﬃcient can be ob-
tained by summation of amplitudes of all the reﬂected rays,
taking into account the geometric path diﬀerence and corre-
sponding phase diﬀerence 2h between any two successive
reﬂections. The phase diﬀerence h is given by
h ¼ 2p
k
dn2 ðA:2Þwhere k is light wavelength and d is thickness of the ﬁlm.
The reﬂection coeﬃcient of a single layer can be easily ob-
tained analytically (Airy formula) [32]:
r ¼ r12 þ t12r23t21e2ih þ t12r23r21r23t21e4ih þ   
¼ r12 þ t12r23t21e
2ih
1 r12r23e2ih ¼
r12 þ r23e2ih
1þ r12r23e2ih ðA:3Þ
For the multilayered medium, the matrix method is often
employed. The reﬂectance of the two-layer coating
(Fig. 10b) can be analyzed by generalization of Eq. (A.3):
r ¼ r12 þ r234e
2ih2
1þ r12r234e2ih2 ðA:4Þ
where r234 is the reﬂection coeﬃcient of the composite
structure consisting of a layer of medium 3 and an inﬁnite
medium 4, and is given by
r234 ¼ r23 þ r34e
2ih3
1þ r23r34e2ih3 ðA:5Þ
and
h2 ¼ 2pk d2n2; h3 ¼
2p
k
d3n3 ðA:6Þ
where n2, n3 and d2, d3 are the refractive indices and thick-
nesses of layers 2 and 3, respectively, and r12, r23 and r34 are
the Fresnel coeﬃcients of the corresponding interfaces.
The intensity of the reﬂected light can be found by inte-
grating the reﬂectance over the visible light range, taking
into account the spectrum I0 of the incident light:
I ¼
Z
I0ðkÞRðkÞdk ðA:7Þ
where the reﬂectance R(k) is given by R ¼ jrj2.
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